Introduction
Harmonic maps ϕ : S 2 −→ S n are of interest from the point of view of differential geometry (as branched minimal immersions), and from the point of view of gauge theory (as classical solutions of the S n non-linear sigma model). From the work of Chern, Calabi, Barbosa and others, there is now a complete description of such harmonic maps in terms of holomorphic data. However, very little is known about the global properties of the space Harm(S 2 , S n ) of all harmonic maps. Since the analogous object in Yang-Mills theorythe space of solutions to the Yang-Mills equations -has proved to be of great significance, the space of harmonic maps is also of some interest. In this paper we shall give an approach to the study of the topology of Harm(S 2 , S n ).
It is known that the connected components of Harm(S 2 , S n ) are indexed by the possible energy levels 4πd of harmonic maps if n ≥ 3, where d is a non-negative integer. This was proved recently by Kotani ([Ko] ), generalizing earlier results of Verdier ([Ve1] , [Ve2] , [Ve3] ) and Loo ([Lo] ). Our method gives a more conceptual proof of this (see [GO] ), but our main application in this paper is to compute the fundamental group.
Theorem. Let Harm d (S 2 , S n ) be the space of harmonic maps of energy 4πd, with d > 0.
Then
If n = 2, Harm d (S 2 , S n ) has two connected components, each of which has fundamental group Z/2dZ.
We shall obtain from this the fundamental group of the corresponding space Harm d (S 2 , RP n ) (see corollary 3.10).
Typeset by A M S-T E X
Our method is based on Calabi's description of harmonic maps in terms of horizontal holomorphic maps into the appropriate twistor space, which we summarize in §1. In §2 we apply the method of group actions and Morse-theoretic deformations of harmonic maps of [GO] to compute the fundamental group of the space of horizontal holomorphic maps. We combine these results in §3 to obtain the fundamental group of the space of harmonic maps. Finally, in §4, we give a general construction which clarifies the geometrical significance of the argument of §2, and which suggests that generalizations of the theorem may be possible. §1. The space of harmonic 2-spheres Let S n = {x ∈ R n+1 | < x, x > = 1} be the n-dimensional unit sphere, where < , > denotes the standard inner product of R n+1 . Denote by ( , ) the complex bilinear extension of < , > to C n+1 . The Hermitian inner product , on C n+1 is defined by x, y = (x,ȳ). The symbol ⊥ will denote orthogonal complement with respect to , .
Let Harm(S n ) denote the space of all harmonic maps of S 2 into S n ; we define Harm(RP n ) similarly. The natural double covering p : S n −→ RP n induces a double covering P : Harm(S n ) −→ Harm(RP n ).
First we recall Calabi's construction of harmonic maps of S 2 into RP n ( [Ca1] , [Ca2] , [Ba] ). If a harmonic map ϕ : S 2 −→ RP n is full, i.e. if the image of ϕ is not contained in any proper linear subspace of RP n , then n = 2m for some integer m ( [Ca1] ). The twistor space Z m = Z m (C 2m+1 ) over RP 2m is defined to be the space of isotropic m-
The complex line L is real in the sense that L =L. Thus it has a real form
is a fibre bundle with fibre O 2m /U m . The twistor space Z m is equipped with the Kähler metric induced from Gr m (C 2m+1 ), with respect to which π is a Riemannian submersion.
For an (m−r)-dimensional isotropic complex subspace U of C 2m+1 , we define a subspace
A map Φ : S 2 −→ Z m is said to be full if its image is not contained in Z U r for any U with r < m. The map is said to be horizontal with respect to π if, for each z ∈ S 2 , the image of (dΦ) z is orthogonal to the tangent space to the fibre of π.
The main results of [Ca1] , [Ca2] , [Ba] are: Theorem 1.1.
(1) If Φ : S 2 −→ Z m is a horizontal holomorphic map, then the map
(2) If ϕ : S 2 −→ RP 2m is a full harmonic map, then there exists a unique full horizontal holomorphic map Φ : 
In view of this, it is natural to introduce the following terminology:
( 
To clarify the relation between HH d (Z m ) and Harm d (S 2m ), we recall the definition of the
There is an orthogonal complex structure J W on
This complex structure defines a natural orientation of (W ⊕ W ) R . There is a unique unit vector x ∈ S 2m such that the orientation of {x} ⊕ (W ⊕ W ) R agrees with the chosen orientation of R 2m+1 .
We define π ± (W ) = ±x. Obviously we have π = p • π ± , i.e., the following diagram is commutative:
The twistor fibrations π ± induce maps Π ± :
, and we have Π = P • Π ± , i.e., the following diagram is commutative:
In contrast to Π and P , the maps Π ± are not surjective if m > 1, so we introduce some further notation:
) be the image of the map Π ± .
For i = 0, . . . , m, let
This gives a filtration
so that we have a filtration
We note that
with Harm
For each i = 0, . . . , m − 1 the restriction of Π ± defines a fibre bundle
with fibre SO 2i /U i . In this section we shall investigate the space of horizontal holomorphic maps:
We begin with some elementary geometry of the space Z m . For V ∈ Z m , let π V : C 2m+1 −→ V denote the orthogonal projection operator with respect to ,
In fact, P belongs to the Lie algebra of SO 2m+1 , i.e. to the subspace so 2m+1 = {A ∈ so C 2m+1 |Ā = A}. We may identify Z m with the orbit of P under the adjoint representation of SO 2m+1 .
Let L be an isotropic line in C 2m+1 , and set Q = i(π L − πL). Then {exp(itQ)} t∈R is a one parameter subgroup of SO C 2m+1 , and its action on Z m gives the gradient flow of a natural Morse-Bott function f Q : Z m −→ R (see §6 of [GO] ). The critical points W of f Q are the fixed points of the action of the one parameter subgroup {exp(tQ)} t∈R of SO 2m+1 , and are given by the condition
This means that W is of the form
As W is isotropic, exactly one of W 1 and W 2 must be {0}. Hence, there are two connected critical manifolds, namely:
The embeddings I ± : Z m−1 −→ Z m , given by the inclusions of Z ± m in Z m , respect the holomorphicity condition and the horizontality condition. In other words, a map f : S 2 −→ Z m−1 satisfies these conditions if and only if the composition
We shall make use of the following subspace of HH d (Z m ):
From the preceding discussion, we can identify HH d (Z m−1 ) with the subspace
Proof. The flow given by the one parameter subgroup {exp(itQ)} t∈R provides a deforma-
The action of exp(itQ) preserves the holomorphicity and horizontality conditions, as the action of the whole of SO C 2m+1 does (see [GO] ). Hence, for any f ∈ HH *
With these preliminaries out of the way, we come to the proof of theorem 2.1.
Proof of theorem 2.1(1). For d = 2 we shall prove
The theorem then follows by induction on m, as the case m = 2 is given directly by (A) and (B), while the inductive step follows from (A) and lemma 2.3.
To prove (A), we must show that any loop {f t } 0≤t≤1 in HH d (Z m ) may be deformed into HH * d (Z m ). It suffices to consider smooth loops. We claim that there exists a matrix
The required deformation can then be constructed by taking a path from A to the identity in SO 2m+1 , as SO 2m+1 is a connected group which acts on
The map z is a fibre bundle, with fibre CP m−1 . The maps y, f do not increase dimension, as they are smooth. So we have
This completes the proof of (A).
Regarding (B), it suffices (because of lemma 2.3) to show that the map 
(the resultant of p λ and q λ ) has winding number ±1. Less formally, this means that "a simple root of p 1 is moved once around a simple root of q 1 ". We must show that the loop α is contractible in
First we recall the well known identification of Z 2 with CP 3 (cf. [Br] ), which will enable us to work with this more familiar space. We have
The identification is induced by the inclusion homomorphism
Sp 2 −→ SU 4 , where Sp 2 is considered as a subgroup of SU 4 via the identification of right H-modules
We also have an inclusion 
Here f denotes the subbundle of the trivial bundle S 2 × C 4 corresponding to the map f .
If f is written using homogeneous coordinates as f = [f 0 ; f 1 ; f 2 ; f 3 ], where f 0 , f 1 , f 2 , f 3 are coprime polynomials, then this horizontality condition is
The action of Sp C 2 on CP 3 preserves this horizontality condition (but the action of Sl 4 C does not, in general).
We may identify CP 3 with the adjoint orbit of
in sp 2 . The one parameter subgroup {exp(itQ)} t∈R of Sp C 2 , which corresponds to the one parameter subgroup {diag(e t , e −t , e t , e −t )} t∈R of Sl 4 C, generates the gradient flow of a Morse-Bott function on CP 3 . (Up to a constant, the function is given explicitly by
The connected critical manifolds of this function are:
The deformation retraction D : HH *
Now we return to the problem of constructing a null-homotopy of the loop α in HH d (CP 3 ).
We shall construct a loopα which is contractible in HH d (CP 3 ), but which is homotopic to α.
(1) f 0 and f 2 have precisely one common root, at 0.
(If deg f i < d here, then we consider ∞ to be a root of f i with multiplicity
satisfies conditions (1) and (2). (This is a variant of an example given in [Lo] . Its geometrical significance will be discussed later, in §4.) 
Since z λ,ε = O(ε), we obtain
hence z λ,ε = (εb/a)λ + O(ε 2 ) moves once around 0.
Proof of theorem 2.1(2). This will be given in the next section. §3. Theorem 3.1. Let m ≥ 2 and d > 0. Then
We shall make use of the following two lemmas, whose proofs are postponed until later.
Lemma 3.2. Suppose f : E −→ B is a continuous map between locally contractible spaces such that
is non-empty and connected for all b ∈ B, and (2) f is a closed map.
Then f * :
Proof of theorem 3.1(1). Recall from §1 that we have surjections Π ± : Proofs of theorem 2.1(2) and theorem 3.1(2). For d = 2, the argument of the proof of theorem 2.1(1) is valid except for lemma 2.4. However, by (A) and lemma 2.3, the map π 1 Hol 2 (S 2 ) −→ π 1 HH 2 (CP 3 ) is surjective, and from the argument of (B) we see that
HH 2 (CP 3 ); since f 0 and f 2 have precisely two common roots, the argument of (B) shows To prove that π 1 HH 2 (Z m ) = Z/2Z, we shall suppose that it is zero, and obtain a contradiction. By theorem 1.1(3) we have
and
If π 1 HH 2 (Z m ) = 0, then by lemmas 3.2 and 3.3 it follows that π 1 Harm 2 (S 2m ) = 0. Now, again by theorem 1.1, the image of any f ∈ Harm 2 (S 2m ) must be of the form
So Harm 2 (S 2m ) is the total space of a fibre bundle over Gr 3 (R 2m+1 ) with fibre Hol 2 (S 2 ).
The homotopy exact sequence now gives a contradiction, as π 2 Gr 3 (R 2m+1 ) = Z/2Z and π 1 Hol 2 (S 2 ) = Z/4Z. This completes the proof of theorem 2.1(2).
The same argument also proves theorem 3.1(2). Indeed, as in the proof of theorem 3.1(1), the map Π ± : HH 2 (Z m ) −→ Harm ± 2 (S 2m ) induces a surjection on fundamental groups, so π 1 Harm ± 2 (S 2m ) is either 0 or Z/2Z. By the previous paragraph, however, it cannot be 0.
We can now prove our main results.
Theorem 3.4. Let m ≥ 2 and d > 0. Then
Proof. For two locally contractible spaces with connected intersection, van Kampen's theorem can be applied ( [Ol] Next we consider the case of an odd dimensional sphere.
Theorem 3.5. Let m ≥ 1 and d > 0. Then
We shall in fact show:
induces an isomorphism
Proof of theorem 3.5 assuming proposition 3.6. For m ≥ 2, statements (1) and (2) follow from theorem 3.1. For m = 1, the result follows from the fact that Harm
and (1) Every fibre of p 1 is a non-empty connected space.
(2) If d = 2 and m ≥ 2, then p 1 : Harm
is a fibre bundle with fibre S 2(m−1) .
(3) If m = 1, then p 1 : Harm
Proof of proposition 3.6. From the homotopy exact sequence for the fibre bundle p 0 : Harm
. By lemmas 3.7 and 3.8 (1), we can apply lemma 3.2 to p 1 , as in the proof of theorem 3.1 (1), to obtain that the induced map π 1 Harm
If m ≥ 2 and d = 2, then π 1 Harm 
To determine π 1 Harm d (S 2 , RP n ), we use the following proposition.
Proposition 3.9. Let n ≥ 3 and d > 0. Then the homotopy exact sequence
for the double covering P :
Proof. Let R(θ) ∈ SO 2 be rotation through angle θ and let g(θ) ∈ SO n+1 be the direct sum R(θ) ⊕ R(θ) ⊕ I n−3 , where I n−3 is the identity matrix of dimension n − 3. Take some f ∈ Harm d (S n ) whose image is contained in R 4 × (0, . . . , 0) ⊆ R n+1 . The path 
The closed path {g(θ) | 0 ≤ θ ≤ 2π} in SO n is contractible from the definition of g, hence so is the path {g(θ)f | 0 ≤ θ ≤ 2π} and its projection.
Our result for RP n is:
Proof. For n > 2, this follows from proposition 3.9, theorem 3.4 and theorem 3.5. For n = 2, Harm d (RP 2 ) may be identified with Hol d (S 2 ), and we have seen already that the fundamental group of this space is Z/2dZ.
Finally, we give the proofs of lemmas 3.2 and 3.3.
Proof of lemma 3.2. This is an elementary lemma of general topology. We show that for any closed path ϕ : S 1 −→ B there is a path ψ :
is homotopic to ϕ. Take finitely many contractible open subsets U 1 , . . . , U l of B such that the image of f • ψ is contained in the union of the U i 's. We may assume that for a decomposition
Suppose f −1 (U i ) is the union of two disjoint open sets V 0 and V 1 . Because every fibre of f is connected, we have f −1 (f (V j )) = V j (j = 0, 1), and the images f (V 0 ) and f (V 1 ) are disjoint. As f is a closed map, the image of the complement of V j is closed. This is equal to the complement of
. Define the closed path ψ in E by composing these paths. Then, as every U i is contractible, f • ψ is homotopic to ϕ.
Proof of lemma 3.3. Suppose there is a sequence
. We shall show that {c i } has a convergent subsequence.
Using Plücker coordinates we fix an embedding of Z m into a large complex projective space CP N . Each c i is represented as [F i,0 ; . . . ; In this section we give an explicit construction of certain full harmonic maps S 2 −→ S 4 .
As a corollary of this (see proposition 4.2) we obtain the following lemma: If d ≥ 2, the condition of lemma 4.1 implies that f is a full map. To see this, suppose f is non-full and that its image intersects Z + in one point. As f is a d−fold branched covering onto its image, the multiplicity of the intersection is a multiple of d, hence larger than one. This is a contradiction. (There is no full map of degree 2, by theorem 1.1(3), and this is the reason why the lemma does not hold for d = 2.)
When d > 3, the existence of a map satisfying the condition of the lemma turns out to be almost equivalent to the existence of a full map of degree d, a fact which is already known from Calabi's theorem. We shall explain this in the context of our idea of considering deformations associated to the Morse-Bott function on CP 3 . Roughly speaking, we shall give a description of nearly all full maps which intersect Z + simply at every intersection point, i.e., which converge to maps into Z − with only simple bubbles. The lemma is an immediate corollary of the construction, which we state as proposition 4.2 below.
One advantage of this alternative proof of the lemma is that it may be helpful in investigating further the structure of HH d (CP 3 ) through Morse theory. However, we shall not pursue that direction in this paper.
We start from g = [g 0 ; 0;
Assume that ∞ ∈ S 2 is not a ramification point of g. The degree of g 0 g 2 − g 0 g 2 is then precisely equal to 2d − 2 For simplicity, we assume also that the ramification divisor of g is the sum of 2d − 2 distinct points, i.e., g 0 g 2 − g 0 g 2 has only simple roots. Let q be a monic polynomial factor of g 0 g 2 − g 0 g 2 of degree k, with 1 ≤ k ≤ 2d − 2. Let α 1 , . . . , α k be the roots of q, and let β 1 , . . . , β N be the roots of (g 0 g 2 − g 0 g 2 )/q, where N = 2d − 2 − k. We shall describe the maps f = [f 0 ; f 1 ; f 2 ; f 3 ] ∈ HH d (CP 3 ) which converge to g with bubbles at α 1 , . . . , α k , i.e., with f 0 = qg 0 and f 2 = qg 2 . The degree d of f is then equal to
We shall give an expression for f 1 and f 3 in terms of g 0 , g 2 , q and a polynomial h ∈ H(g, q), where H(g, q) is the vector space consisting of all polynomials h of degree less than or equal to 2d , which satisfy the equations
Since the determinants of these matrices are zero, the number of linearly independent equations for h is less than or equal to N , hence
The significance of the definition of H(g, q) may be explained as follows. For any polynomial h, define f 1 and f 3 by
Then the functions f 1 and f 3 are polynomials if and only if h ∈ H(g, q).
Suppose this condition holds. Notice that the coefficients of z 3d −1 in g 2 h − g 2 h /2 and
providing qg 0 , f 1 , qg 2 and f 3 do not have a common root. We shall prove that this is the case for a generic choice of g and h, and that the map f is then a full horizontal holomorphic map.
Let q be a monic polynomial factor of g 0 g 2 − g 0 g 2 of degree k, with 1 ≤ k ≤ 2d − 2. For a generic g and a generic h ∈ H(g, q), the map
is a full horizontal holomorphic map S 2 −→ CP 3 of degree d = d + k, where f 1 and f 3 are defined by (*).
Conversely, we shall prove:
Suppose that g 0 g 2 − g 0 g 2 is a polynomial of degree 2d − 2 with only simple roots. Then the construction of proposition 4.2 gives rise to every full horizontal holomorphic map of degree d = d + k of the form (**) such that q is a polynomial of degree k ≥ 1 with only simple roots.
Remark. In proposition 4.3, it is a consequence of the assumptions that q is a factor of g 0 g 2 − g 0 g 2 , i.e., that the bubbles appear only at ramification points of g.
Proof of proposition 4.3. Let f be a full horizontal holomorphic map of the form (**). The horizontality equation
is equivalent to:
In particular,
is a polynomial, which implies that q is a factor of q (g 0 f 1 + g 2 f 3 ). We are assuming that q has only simple roots, so q and q have no non-trivial common factor, hence
is a polynomial of degree ≤ 2d . We rewrite these equations as g 0 g 2 g 0 g 2 f 1 f 3 = q h h /2 , which is equivalent to:
Because qg 0 , f 1 , qg 2 and f 3 have no common root, q must be a factor of g 0 g 2 − g 0 g 2 . The condition for f 1 and f 3 to be polynomials is given by h ∈ H(g, q) when g 0 g 2 − g 0 g 2 has only simple roots.
To prove proposition 4.2, we use the following lemma.
Lemma 4.4. For a generic g, and for any monic factor q of g 0 g 2 − g 0 g 2 of degree k, the dimension of H(g, q) is k + 3.
Proof. Because Hol d (Z − ) is an irreducible algebraic variety, it suffices to give an example of g ∈ Hol d (Z − ) for which dim H(g, q) ≤ k + 3 for any q. (We already know that dim H(g, q) ≥ k + 3.) Let g 0 = 1 and let g 2 be a polynomial such that g 2 has only simple roots. Then the roots of g 0 g 2 − g 0 g 2 = −g 2 are all simple and the equations for h include the equations h (β j ) = 0, j = 1, . . . , N.
These are linearly independent, hence for any q which is a factor of g 0 g 2 − g 0 g 2 , the dimension of H(g, q) is equal to 2d + 1 − N = k + 3.
Proof of proposition 4.2. We show that if g is generic, then there are finitely many proper linear subspaces of H(g, q) such that if h ∈ H(g, q) does not lie on any of them, then the corresponding map f = [qg 0 ; f 1 ; qg 2 ; f 3 ] is a full horizontal map of degree d.
It is easy to check that f is horizontal because from the definition of f 1 and f 3 we have
and, by eliminating h, is horizontal.
To show that f is a map of degree d, we have to show that f 1 , f 3 and q have no common root, for a generic h. Suppose that their greatest common monic factor w is not 1, and write f 1 = wf 1 , f 3 = wf 3 and q = wq. From proposition 4.3, there exists someh ∈ H(g,q) from which we obtain the full map [qg 0 ;f 1 ;qg 2 ;f 3 ]. Notice that h = g 0 f 1 + g 2 f 3 q = g 0f1 + g 2f3 q =h, hence h lies in the subspace H(g,q) of H(g, q). The dimension of H(g,q) is degq + 3, which is strictly less than dim H(g, q) = k + 3. Here we have used lemma 4.4 twice. Hence H(g,q) is a proper subspace of H(g, q).
Since there are only finitely many possibilities forq, which is a monic factor of q of degree less than k, a generic h does not lie in the union of the subspaces of the form H(g,q). For such h, the polynomials f 1 , f 3 and q do not have a common root.
Finally, we show that f = [qg 0 ; f 1 ; qg 2 ; f 3 ] is a full map. If f were not full, then the degree of q would be a multiple of d = d + k ≥ 3, by an argument used at the beginning of this section. This is possible only if qg 0 and qg 2 are identically zero, which is a contradiction.
